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Abstract 



We investigate the regularity of shot noise series and of Poisson integrals. We give 
conditions for the absolute continuity of their law with respect to Lebesgue measure 
and for their continuity in total variation norm. In particular, the case of truncated 
series in adressed. Our method relies on a disintegration of the probability space 
based on a mere conditioning by the first jumps of the underlying Poisson process. 
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Introduction 

The regularity of the laws of functionals of Levy process has been intensively studied since 
the early eighties. The main idea has been to introduce on the path-space (supporting 
jumps) of the Levy process some smooth structure to apply next a stochastic calculus of 
variation on this structure. Since the "Malliavin calculus" tackles successfully the regularity 
(existence of density, smoothness of density, etc) for Wiener functionals (see for instance 
|Nuj ). one approach, originally by Bismut in [Bij, has been to extend this Malliavin calculus 
to more general probability space, introducing in particular a chain-rule of differentiation 
and an integration- by-part in the path-space, see |BGJ| . This setting applies in particular 
when the Levy measure of the Levy process has a density with respect to the Lebesgue 
measure. Another approach is based on perturbations introduced by Picard (see [Pi] ) 
consisting in adding points to random configurations driving the functionals. This line 
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of work differs from Bismut's one both from the viewpoint of the technique used and 
of the conditions required, for instance the Levy measure is not required to possess a 
density for Picard's approach. More in the spirit of Bismut's approach, another way to 
introduce a smooth structure in a probability space has been given by Davydov with 
the "stratification method". In this case, the smooth structure comes from a measurable 
group of admissible transformations of the space (the admissibility is referred to the law 
under study), see |DL| and |DLS| . Via a disintegration of the probability space into layers 
(the orbits of the group) , this approach reduces the analysis of the law on path-space to 
finite-dimensional distributions. This method supports in particular mild differentiability 
properties for the functionals and applies in particular in a Poissonian setting. Recently, 
in a cycle of papers |Klj . |K2| . |K3| . |K4| . Kulik has developped a modification of the 
stratification method well designed for the study of functionals of Poisson point measure 
(absolute continuity and convergence in variation of the laws). He applies a so-called 
"time-stretching transformation" by changing time, stretching every infinitesimal segment 
of time dt by e h ^ for some suitable function h. 

As it appears in the time-stretching transformation, the method of Kulik relies on some 
perturbation of the jumping times of the process. Actually perturbation in the jumps of the 
Levy process is a common feature of all those methods. For instance, in [BGJl IDLl IDLS| 
the values of the jumps are modified; in [Pi], a new jump is added to the path of the 
process; while, as seen above, the jumping times are changed in |K1| - |K4| . This common 
feature implies that all these approaches require some kind of differentiability with respect 
to the perburbation used and consequently non-trivial regularity on the functionals or/and 
on the Levy measure are required. 

Another technique to study the absolute continuity of the law of Levy functionals which 
does not rely on differentiability behavior is given by Sato in the monograph [Saj. It is 
based on a decomposition of the underlying Levy process in two independent components, 
each equipped with a truncation of the initial Levy measures. The regularity of the law 
of the functionals usually comes from the component equipped with the finite truncated 
Levy measure which is a compound process whose law may be easily analysed. We refer for 
instance to Theorem 27.7 in [Sa] and to [PZJ for a recent application of such decomposition 
to the study of the law of Ornstein-Uhlenbeck processes. 

In this paper we deal with specific Levy functionals having some decomposition in series, 
the so-called "shot noise series", see |Ro| . and we investigate the regularity of its law (by 
regularity, we mean throughout either absolute continuity or convergence in variation). Our 
method is a version of the stratification method from |DLS| and relies, like in |PZl ISa] . on 
a decomposition of the series in two parts. However in contrast to Sato's technique whose 
decomposition is based on the jump size, our decomposition is based on the jumping times: 
it is obtained by conditioning by some jumping time and yields a "regular part" (related 
to the first jumps and from which the regularity will be derived) and an "interfering part" 
(related to the last jumps). For instance in the most simple case, conditioning by (say) the 
second jump allows to derive the regularity of the law of the whole series from the behavior 
of the first summand, in a pretty elementary way. Similar type of techniques inspired 
from |DLS| have been also recently used in [Si] to generalize [PZ] for Ornstein-Uhlenbeck 
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processes. In contrast with the literature quoted above [BGJl iBil IDLl IDLSl IKll IK21 IK31 
IK41 [Pi] . we do not apply any pertubation on the jump and our conditions are expressed 
directly in terms of some image measure of the kernel appearing in the shot noise series. 
Specifically, the differentiability of the kernel is not required in our results. Kulik's results 
for instance have a broader scope and they apply in particular for shot noise series (see 
Theorem 3.1 in |K1| , Theorems 2.1 and 2.2 in |K4| ). But, as indicated above, it requires the 
differentiability of the kernel. However, of course even in our results, the differentiability 
is useful to state explicit and tractable sufficient conditions, see Lemma l3~3l and Remarks 
1211 EO below. 

The rest of the paper is organized as follows. In Section CEJ we introduce precisely 
the shot noise series, recalling conditions under which it is well defined. We give some 
modeling interpretations of those Levy functionals and we exhibit its connections with 
Poisson integrals. In Section El we investigate the absolute continuity of the law of shot 
noise series. Section [3] is devoted to the continuity for the total variation norm of the laws 
of shot noise series with respect to their kernel. Note that in the whole paper, we deal also 
systematically with "truncated" shot noise series for which specific problems arise. Finally 
in Section [H we use similar techniques to study the regularity (in variation) of the law of 
simple Levy-driven stochastic differential equation. 

In the whole sequel, we denote ji\ <C \l 2 for the absolute continuity of a measure \i\ 
with respect to a measure \i 2 and n\ x ji 2 for the equivalence of /ii and //2, i-e. \i\ <C \ii 
and fj,2 <C fJ>x- Implicitely, the absolute continuity of a measure /i refers to the Lebesgue 
measure A. The restriction of the Lebesgue measure to some Borelian set A is denoted by 
Xa- The total variation of a signed measure fi is given by = fi + (AA where 
/!_ are the unique positive measures in the Hahn's decomposition of /i (/i = ji + — and 
A* is such that fi + (A*) = fi^(AI) = 0. The corresponding convergence is denoted 

— >. Finally, we note C{X) for the law of a random variable X or X ~ /i to indicate that 
\i is the law of X. 

1 Shot noise series and Poisson integrals 

Let (Aj)j>i be a sequence of independent and identically distributed (Lid.) random vectors 
in R. d with common law a without atom in and, independently, let (7i)i>i be a sequence 
of partial sums of independent exponential random variables with parameter a. Given a 
measurable function h : IR + x R d — > R, we are interested in this paper in the regularity 
of the law of the so-called shot noise series 



Namely, we give conditions on h and on the law a for the absolute continuity of the law of 
/ in (11.11) on M or on R\ {0}. We study also the continuity of the law for the total variation 
norm with respect to the kernel h. Typically, our conditions are stated in terms of image 
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measure (X<g>a)h 1 and we refer to |ABP| . [DaJ and |DLSl Section 4] for sufficient explicit 
conditions on h and on a ensuring our conditions. 



The interest of such random series lies in their connections with Poisson integrals and 
in their interpretation as "shot noise series". Namely, the series ( 11.1ft can be seen as the 
cumulated effect of a repeated signal Aj under a "filter" h. More precisely, h(Ti, Aj) can be 
viewed as an effect at time zero of a shot Aj that happened Tj time units ago and the series 
(11. IK represents the total cumulated shot noise at time zero. In this setting, it is standard 
to suppose that 1 1— > \h(t, x)\ is non-increasing for all x, so that the magnitude of the effect 
decreases as the time elapsed from the moment of the shot increases. When d — 1, a typical 
choice of filter is h(t, x) = xg(t), with a fading effect as time goes on given by g when it is 
decreasing. Such a case is related to Levy-type integral (see below) and, in the sequel, we 
shall specify our results in this case. We refer to |Ro| for a more precise interpretation of 
shot noise series. Shot noise series are also used to model internet backbone traffic. In such 
models, internet sessions are randomly opened according to Poisson arrivals Tj and for a 
random duration Aj. In this setting, the series I represents an aggregate of packet streams 
generated by the random sessions, see |BTIDO| for an analysis of flow-level information on 
an IP (Internet Protocol) backbone link, using Poisson shot noise series. 



We recall from Theorem 4.1 in |Ro| necessary and sufficient conditions for the almost 
sure convergence of the series in (11.11) . namely 

/ / (\h(t,x)\ 2 A l)dta(dx) < +oo (1.2) 

J0 JR d \{0} 

and the existence of the following limit 

a(h) := lim / / h(t,x)l\ h r t)X )\<xdta(dx). (1.3) 



In particular, (11.2l) - (|1.3p hold true and the series in (11.11) is well defined when h G L 1 (A®cr). 
In this case E[|J|] < J + °° J Rd \ r i \h(t, x)\dta(dx) . Moreover, recall that the law of the shot 



noise series in ( 11.11) is infinitely divisible and its characteristic function is given by (see 
again [R^ Th. 4.1]) 

(j)j(u) = exp (ia(h)u + f [ ( e iuh (t,x) _ l _ iuh ^ t ^ x )l\ h ^)\<i) dta(dx)] . (1.4) 

V Jo JR d \{0} J 



As indicated above, the shot noise series have also natural connection with Poisson inte- 
grals (more generally with Levy- type integrals) . We refer to [Sa] for a precise description of 
Poisson and Levy integrals. Let us fix some notations by describing the connections between 
shot noise series and Poisson integrals. For instance, for a Poisson measure N on E d with 
control measure v, let Z(t) = j j, x , >l xN{ds,dx) be the multidimensional Poisson point 
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process associated to N, i.e. Z{t) = (Zi(t), . . . , Zd(t)) with Zi{i) = J* J,, >1 XiN(ds,dx). 

Define (Tj)j> to be the sequence of ordered jumping times of Z in B{ = {x G M d : \x\ > 1}, 
that is T = and Tj = inf{t > Tj_i : |AZ t | > 1} for i > 1. As a sum of z independent 
exponential random variables with parameter l/u(Bf), 2] has a law equivalent to Ar + . 
Moreover, the jumps A« := AZ^ of Z form an iid sequence of random variables with 
common law v{- PI Bf)/v(Bf) and which is independent of the jumping times (Tj)j> . In 
this case, taking 

h(t, x) = f(t, x)l w >!, « = l/v(Bl), <r = i/(.n Bi)/v{Bl), (1.5) 
the series in (11.1ft becomes a representation for 

/ / f(t,x)N(dt,dx). (1.6) 

In the particular case f(t,x) = xg(t) when d = 1, note that the Poisson integral in 
( 11.61) is the non-compensated part of the Levy-type integral 

I g(s)dY s = j j xg(s)N(ds 1 dx) + / / xg(s)N(ds, dx) (1.7) 

JO Jo J|x|<l JO J\x\>l 

where Y t is the Levy process f Q < /i a .i <:1 xN(ds, dx) + J Q * /j ;E | >1 xN(ds, dx) and where iV = iV— z/ 
stands for the compensated Poisson measure. The shot noise series (II. IB thus gives an in- 
sight into the law of the Levy-integral. For instance, since the integrals in the right-hand 
side of (11.71) are independent, the absolute continuity with respect to the Lebesgue measure 
of the law of / (= J + °° jy x]{>l xg(s)N(ds, dx) in this case) ensures that of J +o ° g(s)dY s . Of 
course, such a remark is useful only if there is no Gaussian part in the Levy process Y. 

When h(s,x) = f(s,x)l mxB c(s,x) or h(s,x) = f(s, x)l mx{R d\ {0}) (s, x) with u(R\ 
{0}) < +oo, the shot noise series represent Poisson integrals computed on [0,t\. In this 
case, there is almost surely (a.s.) a finite number of summand in (11.11 ) and the series is 
actually truncated 

J(t) = ^/i(T l ,A i ). (1.8) 

i>l 
Tt<t 

We shall see that specific problems arise for truncated series (for instance, there is an 
obvious atom in the law at zero) and this case requires a deeper analysis. Note that, accord- 
ing to our interpretation in terms of cumulated shots, I{t) represents the total cumulated 
effect of random shots than happened less than t units of time before zero. 

Note that in this Poissonian interpretation, the shot noise series appears as functionals 
of Poisson point process. Moreover, following this interpretation, in the sequel, Tj's will be 
referred to as the jumping times and the Aj's as the (corresponding) jumps. 

In our study of shot noise series /, a crucial step in the sequel is to condition for some 
p > 1 by the jumping time T p+ i and to derive the regularity of the series / from the 
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behavior of its first summands. Typically, p will be set to 1. To do so, we shall consider 
(without restriction) that the probability space (fl, J 7 , P) is disintegrated as follows: 



n p+1 x [0,T p+1 (u)] p x (M d \{0}), x B([0,T p+1 (O)] p ) x B(R \ {0}),P p+ i <g> A 



stal 



<8> 



v [o,r p+ 1(0)] 
(1.9) 

where we note = cr(Tj, Aj : % > p+1) and Aj^^ ^ is the p-dimensional distribution of 
the order statistics on [0, T p+1 (u)], i.e. the measure with density (p\/T p+ i(u))l < tl <...^ tp < Tp+1 ^ 
For any random functional F on this space and every Borelian set A, we have: 



P(F e A) 

F(F(u, Ti, A 1( ...,T P , A p ) 6 A) 
1 



E 



P+i 



T, 



p+i\ 



{u) P J(Rd\{0})P J0<tl<-<tp 



,<T, 



p+i 



-{F(iD,ti,a;i,...tp,a;p)eA} 



]^[ dtia(dxi) 



i=i 



where E p+ i stands for the expectation with respect to P p +i. In the sequel, h stands for a 
typical kernel in the shot noise series (11.11) we consider. We use the notation / when the 
kernel is, in a way, truncated, for instance h(s,x) = f(s,x)lB^(x), h(s,x) = f(s, x)l[ 0) t](s) 
or h(s,x) = f(s,x)l[oj] X Bc(s,x) and we use the notation g when the kernel h(t,x) = xg(t) 
is related to Levy-type integral. 



2 Absolute continuity of the law of shot noise series 

In this section, we address the problem of the absolute continuity of the law of shot noise 
series. Since / is infinitely divisible distributed without Gaussian part, it is known that it 
is not easy to find conditions ensuring absolute continuity. Nevertheless, such conditions 
are given for instance by Sato in |Sa| for general infinite divisible law and by Kulik in 
|K4l Th. 2.1] for functionals of Poisson point process. In particular, in our setting, with 
D(dx) = (x 2 A 1)(A <g> o-)/i -1 (dx), Sato shows in [Sal Th. 27.7] that the law of I in (Oil 
is absolutely continuous if, for some p > 0, z>* p <^ A. However, it is worth noting that 
several interesting shot noise series such as truncated one in (I1.8P have an obvious atom 
in zero (the sum in (11.81) is empty on the non-negligible event {Ti > t} so that I(t) = 0). 
In this case, the general results are no longer applicable. In this section, we are interested 
in the absolute continuity on R\ {0} of the law of shot noise series, see Proposition 12.11 
Our argument is simple and relies on the behavior of the first summands in the series by 
conditioning. Since such truncated series are related to Poisson integrals on [0, t] appearing 
for instance in some Levy-type integrals, Proposition 12. II gives an insight in the regularity 
of the law of Levy-type integrals, see Corollary 12.11 

First, in order to illustrate our technique in a simple context, let us recover a condition 
close to that of [Sal Th. 27.7], stated above. Since for each n, the law of T n is equivalent 
to Ar + , the condition (Ar + ® a)h~ l <^ A ensures the absolute continuity of the law of 
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each summands h(Ti, A») in (11. ip . Since the summands are not independent, this does not 
imply directly the absolute continuity of the law of /. However because of the conditional 
independence of the summands, this appears to be sufficient. Actually, it is enough to 
suppose that, for some p G N \ {0}, 

((X R+ ^a)h- 1 Y P (2.1) 

that is, roughly speaking, the absolute continuity of the law of the sum of any of the first 
terms ensures the absolute continuity of the total sum. This is a strictly weaker condition 
than (Ar + (g> (r)h^ 1 <C X (see Remark 27.2 in [Sa]) which recovers, up to a density, the 
condition in [Sal Th. 27.7]. Using the disintegrated probability space fl p+ i x [0, T p+ i(u)] p x 
(R d \ {0}) p defined in (11.9 ft . the proof of the absolute continuity of /i := C(I) under (12. lh 
comes from the absolute continuity of the conditional measures \i a = C{I\J-'* +1 ){uj) in 
the decomposition \i = +1 /4s Pp+i(^) of \i as the mixture of the Indeed, with 

S p+ i(cD) := J2i> p+1 h(Ti, Ai) and {T[,...,T' p ) = C{T U . . . , T p \ J^+i)^) the uniform order 
statistics on [0, T p+1 (lD)}, we have 




Since T, p+ i(uj) is known when ui G is given, the absolute continuity of p, Q is equivalent 
to that of £(Y%=i h(T{, A^) = (A[o,T p+ i(d>)]®o')^ 1 )* :p - This ensures fj,& <C A for all u G Cl p+1 
and /i< A. 

Remark 2.1 In the sequel, we shall express our conditions in terms of regularity of image 
measure (Ak + (g)cr)/i _1 like in (12.11) We give here some explicit sufficient conditions to ensure 
such a regularity. Let h t and h x be the sections of h defined by h(t,x) = h t (x) = h x {t) and 
observe that 

(Ar + ® a)h" 1 {A) — I X R+ h- 1 (A)a(dx) = ah^^dt. 

JM. d JR+ 

The condition ( 12.11) is satisfied for p = 1 if, for a-almost all x G M d , Ar+Zi" 1 <C A or if, for 
almost all t G E+, crh^ 1 <ti X. This is satisfied in particular if for cx-almost all x G M d , h x 
is differentiable a.e. with d t h(t, x) ^ for almost all t G R, resp. if cr <§; A d and for almost 
all t G R + , /ij is differentiable a.e. with detD^/i^, x) 7^ for a-almost all x G K. + , see 
Theorem 4.3 in |DLS| . Here d t h(t,x) stands for the partial derivative of h with respect to 
t G M + and D x h(t, x) for the matrix of first order partial derivatives of h(t, x) with respect 
to x G R d . 

Such differentiability-type conditions along time for h(t, x) are also required in the 
"time-stretching" method used by Kulik, see in particular Theorem 2.1 in [K4|. 

We investigate now the law of the shot noise series beside a possible atom in 0. The 
typical interesting case is that of a truncated shot noise series I(t) as defined in (11.81) . 
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Proposition 2.1 Suppose that 

((A K+ ® a)^ 1 )^} < A, (2.3) 

then the law of I in ( 11.11) is absolutely continuous with respect to A on IR\{0} ; with possibly 
an atom at zero. 

Proof. Consider the sequence of random variables Nt(u) = min{j > iVj_i : h(Tj, Aj) ^ 
0}, with the convention min{0} = +oo. This defines stopping times for the cr-algebrae 
aiTi - Tj_i, A, : i < k), k G N \ {0}. Let A = {JVj = +oo}, A x = {N x < N 2 = +oo}, 
A 2 = {N 2 < +oo}. The law /i of 7 splits as // = P(A )/x + P(^i)a*i + ^{M)^ where 
/i fc = p(/ g -|A fc ) for < k < 2. 

We have fi = <5 since on v4 , the sum defining 7 in (11.11) is empty. On Ai, the sum 
defining 7 in (jl.ll) reduces to h(T Nl , A Nl ), and for any Borelian set A with A(A) = 0, we 
have: 

Hi(A) = F(h(T Nl ,A Nl ) e A\ A x ) 

^F(h(T il ,A il )eA\{0},h(T k ,A k )=OVk^i 1 ) 

ti=i 



nh(T tl ,A tl )eA\{0}) 



ii=i 



But since CihiT^, AjJ) x (Ak + <E>er)/i x , the condition (12.3P entails = 0, i.e. /ii <C A. 

Next on v4 2 , first we condition by N 2 = i 2 

^ P(iV 2 = i 2 ) 

where /i i2 = £(7|iV 2 = z 2 ). Next, we condition by T i2 : 



^12 — J Vi2 ar T i2 

where the measure jli 2 is the law of 

12—1 +00 +00 

h(T k , A k ) + £ h(T i2 + T k , A k ) = h(T' Ni ,A' Ni ) + ]T h(T l2 + T k , A k ) 

fc=l k=i2 k=i2 

where C(T' Nl , A Nl ) = C((T Nl , A Nl )\N 2 = i 2l T i2 ) and for k > i 2 , T' k =T k - T i2 is indepen- 
dent of a(T k ,A k : k < i 2 — 1). Thus fi i2 is absolutely continuous with respect to A if the 
conditonal law £(h(T Nl , A Nl )\N 2 = i 2 ,T i2 ) is. But for a Borelian set A with \(A) = 0, we 
have 



F(h(T Nl ,A Nl ) e A\N 2 = i 2 , T i2 ) 
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12-1 



= ^P(/i(T ii; e A,N! = h\N 2 = t 2 ,T n2 ) 

12 — 1 

= J2 ¥ ( h ( T h> A h) e A \ {0},h{T k ,A k ) =0\/t 1 ^k<i 2 \N 2 = i 2 ,T k 

ii=l 

12 — 1 

< J]p(/ l (r il ,Ai 1 )6A\{o}|Jv 2 = i 2 ,r <a ) 



ii=l 

^ P(fr(T n , A n ) € A \ {0}, iV 2 = 2 2 |T t2 ) 
fcl P(iV 2 = z 2 |T i2 ) 

^ P(ft(^A)6A\{0}) 
- ft W = i 2 |T, 2 ) 1 • j 

where here C(T! ) = £(TjjTj 2 ) is the ii-th uniform order statistics on [0, T i2 ]. But since 
h{Tl v k h ) ~ (A^H]®^)^- 1 , condition (Q entails P(h(T Nl , A Nl ) G A|iV 2 = z 2 ,T i2 ) = 
and finally /i2 C A. We conclude the proof of Proposition EH] gathering all the intermediate 
results. □ 

In case h(t,x) = xg{t) when d = 1, the previous results can be specialized for the 
non-compensated part in Levy-type integrals (11.70 . Because of the special structure of /i, 
conditions for absolute continuity can be proposed independently of the measure a. 

Corollary 2.1 Let g : R + — > R and consider the shot noise series I in ( 11.11) but with 
h{t, x) = xg(t). 

1. The law of I is absolutely continuous with respect to A on R if: 

Ar+s -1 < A. (2.6) 

T/ie law o/7 is absolutely continuous with respect to X on R \ {0} «/: 

(Ar + 5' _1 )|r\{o} < A. 

Remark 2.2 • In order to state an "easy-to-check" condition in 1) as in (12.61) . we do 
not give a strict counterpart of ( 12.11) in terms of convolution. 

• Like in Remark l2.ll if g is differentiable a.e. with g'{t) ^ a.e., condition (12.61) is 
satisfied, see Theorem 4.2 in |DLS| . 

• Like for Proposition l2.ll the second statement is interesting in particular for truncated 
shot noise series I(t) for which we know there is an atom in zero. 
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Proof. 1) Follow the same lines as in the simple argument before Proposition 12.11 with 
p = 1. Plugging h(T{, Ax) = Aig(T[) in (12.21) . the proof reduces to the absolute continuity 
of the law of Aig(T{). But since g(T{) is absolutely continuous under (12.61) . the conclusion 
comes from the following remark: a product XY of independent random variables X, Y 
has an absolutely continuous law whenever X has one and Y does not have atom in zero 
(P(Y = 0) = 0). 

2) We follow similarly the same lines as in the proof of Proposition 12.11 Plugging 
h{T h ,A h ) = A iig {T h ) in (El) and h^, A, n ) = A h g{TlJ in {23]), the proof reduces to 
the absolute continuity of the law of A^glTQ. We conclude like in 1) with a similar remark: 
a product XY of independent random variables X, Y has also an absolutely continuous 
law on R \ {0} law when C(X) lR \ {0} < A and P(Y = 0) = 0. □ 

3 Convergence in variation of the law of shot noise series 

In this section, we study further the law of shot noise series by investigating its behavior 
for the total variation norm with respect to the "filter" h. Such convergences have been 
recently given by Kulik for general functionals of Poisson point process under some kind 
of differentiability of the functionals, see Theorem 2.2 in |K4| . Here, we propose in an 
elementary fashion convergence in variation under conditions expressed in terms of image 
measure by the filter h. Explicit sufficient conditions are available when the filters are 
smooth functions using Lemma [3731 below from [ABPJ. See also Remark 13.21 for a com- 
parison with |K4| . Note that when the laws of the shot noise series have densities, the 
convergence in variation is equivalent to the convergence in of the densities. In the 

sequel, we deal in Section [3721 with series I in (11.11) , typical examples are Poisson integrals 
(11.61) on K + x B{ when (11.5P holds true. The case of truncated series I{t) in (11.81) is more 
difficult since the laws have an atom in zero and this case is addressed in Section 13.31 We 
begin with some useful results on convergence in variation in Section IBTTl 

3.1 On convergence in variation 

We shall use the following elementary results. For the sake of self containess, we include 
their proofs: 

Lemma 3.1 Let X,Y,Z be random variables such that Z is independent of (X,Y) and 
P(Z = 0) = 0. Then \\C(XZ) - C(YZ)\\ < \\C(X) - C(Y)\\. 

Proof. Let Fx stand for the law of the random variable X. Using the Hahn's decom- 
position of F X z ~ ^yz into F xz - ^yz = fM+-fM- and of F x ~ Py into F x ~ Py = ^+ - V- , 
we have 

Wxz-^yz\\ =/i+(A.)+/i-(^), ||Px-Py|| =v + {B*)+v„{Bl) 
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where = //-(AJ) = and v + (B*) = z/+(M), V-(B?) = 0. Note that, 

for any Borelian set A, -V-{Bl) < -V-{A) < F X (A) - ¥ Y (A) < v+(A) < v + (B*) and 
F(XZ G A) = Ezl^xiAz)} where K z is the expectation with respect to Z and for any 
z 7^ 0, A z = {a/z : a G A} (note that Az is almost surely well defined since F(Z = 0) = 0). 
We have 

H+(A*) = F XZ (A*) - F YZ (A*) = E z [F x {{A*)z) - F Y ((A*) Z )} < u+(B*) 
-^(At) = F xz (At)-¥ YZ (At)^E z [¥ x ((At) z )-¥ Y ((At) z )]>-u4Bt) 

from which the conclusion of the lemma derives. □ 

Lemma 3.2 Let /J,, v be two finite (signed) measures. For any p G N \ {0}, we have 

\\ffp _ u *p\\ < pmaxdl/xH, MlY^Wfi - v\\. 

In particular, if for probability measures jj n — > [i when n — > +oo, then /i* p — > /j* p for 
any p > 1. 

Proof. The statement is obvious for p = 1. Suppose it holds true for p > 1, we have 

_!/(?+!) || < ||^*(^* P -I/ V )|| + ||(^-I/)*I/ ,V || 

< ll/illll^-z/^H + ||z/* p ||||/i-z/|| 

< max(||/i||, IMI) p ~ 1 ||A i — U W + IMNI/ 2 ~~ u \\ 

< (p + l)max(||/i||, — HI- 

This proves the statement by induction. □ 

Our main conditions for convergence of variation of the law of shot noise series are 
expressed in terms of image measures (see (13.11) . (13.51) . (I3.6p . (|3.7p below). In order to 
give more explicit sufficient conditions in Remarks 13.11 13.31 13.41 13.51 we shall use the 
following result. This is an adaptation, specially designed to our setting, of Theorem 3.1 
and Corollary 3.2 in [ABP] (where we set therein X = R P+(J , Y = R p , Z = R q and p = \ p+q , 
Ho = \ p ® a). We denote d y ^F(y,z) for the derivative of F(y,z) with respect to the i-th 
coordinate of y, and the same for d z .F(y,z). 

Lemma 3.3 Let F n ,F : W +q — * R such that for almost all y, F n (y,z) and F(y,z) are 
absolutely continuous as functions of z i; 1 < i < q. Suppose F n — > F and d Zi F n (y,z) — > 
d Zi F(y, z) in L r (W p+q , \ p+q ) forr > p+q when n — > +oo. Suppose moreover that for almost 
all {y,z), det(d Zi F(y,z),d z .F(y,z))l j=1 ^ Then X^F' 1 ^ XP+ip- 1 w j ien n _^ +00 . 

Moreover if a <^ \ q , we have also (A p <g> cr)^' 1 — > (A p ® a)F~ x . 

We shall use also Lemma 1531 in a one-dimensional setting. In this case, Lemma [331 reduces 
to the original result due to Davydov in [DaJ. 

Lemma 3.4 Suppose that the functions f n and f are absolutely continuous on [a,0\ such 
that lim n ^ +00 f n (a) = f(a), lim„^ +00 \\f n - f\\v-(\ a ,0\) = and f{x) ^ for almost all 
x G [a, (3}. Then A^/" 1 X^f" 1 , n -> +oo. 
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3.2 Convergence of shot noise series 

In this section, we give conditions for the continuity in total variation norm of the law of 
shot noise series I as in ( 11 . 1H with respect to h. 

Proposition 3.1 Let h n ,h satisfy (11.2ft - (11. 3ft . Suppose 

1. lim n _ +00 a(h n ) = a(h) ; 

2. lim^+oo Jq 00 f Rd \ {0} (\hn(t,x) - h(t,x)\ 2 A l)dta(dx) = 0; 

3. for some peN\ {0}, ((A R+ <g> a)h~ 1 )* p < A and /or a// 1 > 0: 

((A[o,t] ® (T)h- X )^ ^ {{\ m ® a)hr l yP. (3.1) 

Then C(I n ) — > £(/) w/ien n — > +oo. 

Proof. From the main condition (13. ID . we have 

:= £ ^ A<) j ^ /i p := £ A,) j (3.2) 

for any independent random variables C/j, 1 < i < p, uniform on [0, t] and independent 
of (Ai)i>i. We disintegrate the probability space as in (II .9p and the total variation of 
measures rewrites: 

\\Vn - fJ-\\ = / \\Hnfi) ~ ^||Pp+l(^)- (3.3) 



Let T n ^(x) = x + £™ +1 (c<)), resp. r a (x) = x + E p+ i(u;) 3 be the translation of S" +1 (u;), resp. 

of H p+ i(u>). The measure [i n ^ is the law of Y^=i fn{T(, Aj) + where (T{, . . . , Tp = 
£(Ti, . . . , T p \T p+ i(u))) is the uniform order statistic on [0, T p+1 (o))]. It rewrites \i n & = 
i^n,pTn}j an d we have 

||/^n,u> Moil | ^ llAn,p7"n,ui P"p^~ui II 

^ || P"n,p' T n,ui ~ fip T n,u)\\ ^~ \\&P T n,Cj ~ t l P T Q II 

< ||/in,p - fip\\ + \\lh T nfi> ~ fh^W- ( 3 - 4 ) 

From ( 13 .2ft . the first term in ( 13.40 goes to 0. 

For the second term in (13.41) . we study the convergence of *° ^jK^)- Recall that 

a(h) is defined in (11.30 and that the characteristic function of I is given in (11.40 . Since 

\^v-i- iuylmi \ < 21|„| >1 + (l/2)uVl|y|<i 

< (21|j,|>i + (l/2)u 2 l| y |<i)(|?/| 2 A 1) 
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we derive from (I1.4K that 0j_/ n (w) — > 1 for all fixed w. Thus, we have I n — I — > 5o 

and I n — > I. Next, since Tj has a bounded density for all % > 1, condition 2 entails 

/i n (Ti, Ai) 2 A 1 -> /i(Tj, Aj) 2 A 1 in L x (f2, JF, P) and h n (T h A,) h(T h Ai). So that 

SiLi hn{Ti, Aj) — ^ XliLi Aj). Together with /„ — /, we derive on the disintegrated 
probability space p+1 : 

:= h n (Tk,Ak) — > := h(T k ,A k ). 

k>p+l k>p+l 

For any subsequence (n r ) C (n), there is some further subsequence (n") C (n') and 
with Pp + i(fip +1 ) = 1 such that for every Cu G &p+i, the convergence Um n "_ ++TO ££^(0)) = 
S p+ i(o)) holds true. Since the operator of translation is continuous in and since, 

under condition 3, \i\ <C A, the second term in ( 13 .41) goes also to 0. This yields /v,w /-^ 
when n" — > +00 for all u G f2 . 

Finally from the disintegration formula (13.31) . for any (n') C (n), there is some (n") C (n') 

VdV VCLT 

such that /v — > /i. This proves ji n — ► ji. □ 
Remark 3.1 (Discussion on the conditions of Proposition IBTTT ) 

• As seen before, if h n , h G L 1 (Ak + ®ct), then conditions (ll.2l) - (|1.3p are satisfied for the 
existence of I n and of /. Moreover, if lim n _> +00 h n — h in L 1 (Ak + ® a), conditions 1 
and 2 hold true. 

• Suppose a <C X d , then if, for almost all t 6 1, h n (t,x) and h(t,x) are absolutely 
continuous as functions of Xi for all 1 < i < d and /i n — > h, d Xi h n (t, x) — > d Xi h(t, x), 
n -> +00, in L r (M 1+d ) for some r > 1 + d with det(9 a!i /i(*, x), 6^./i(t, x))f J=1 ^ 
then Condition 3 holds true in the simplest case where p — 1. The same holds true 
if for almost all x G M d , h n (t,x) and h(t,x) are absolutely continuous function of i 
and 7t n — > h, d t h n {t,x) — > d t h(t,x), n — > +00, in L r (M} +d ) for some r > 1 + d with 
d t h(t,x) 7^ for almost all (t,x), see Lemma [3731 

Remark 3.2 (Comparison of Proposition I37T1 with [K4|) 

Like in Remark 12.11 observe that the "time-stretching" transformation used by Kulik 
requires a smooth behavior of the kernels h n with respect to time. Indeed, the convergence 
of the stochastic derivates of J„ assumed in |K4l Th. 2.2] requires in particular the dif- 
ferentiability of the kernels h n (t, x) with respect to t and a convergence of the derivatives. 
In contrast, Proposition 13.11 above can be applied without smooth behavior of h(t,x) with 
respect to t, see the second point in Remark 13.11 above where explicit conditions in terms 
of smoothness of h(t, x) but with respect to x are given. 

When d — 1 and h n (t,x) = xg n (t), we can adapt the proof of Proposition 13.11 for the 
shot noise series I n = ^2 k>1 Akg n (Tk) under more specific conditions. This is in particular 
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interesting when h n (t,x) = xg n (t)lB^(x). In this case, the series I n becomes the Poisson 
integrals J^°° r, >1 xg n (t)N(dt, dx) appearing for instance in the Levy-Ito decomposition 
of a Levy-type stochastic integral (11.71) . The following result applies in particular in such 
setting: 

Corollary 3.1 For a law a with a finite first moment and g n G L 1 (Ar + ) ; consider the shot 
noise series I n = J2k>i ^k9n(Tk) ■ Suppose g n -> g in L 1 (A M+ ), Xw+g' 1 < A and for all 
t > 

\o,t}Sn ^ -V*]^ 1 - (3.5) 
Then £(I n ) — ^ C(I) when n — > +oo. 

Proof. Under the conditions of Corollary 13.11 we have xg n {t) — > xg(t), n — ► +oo, 
in L 1 (Air + ® cr) and Remark 13.11 shows that the proof of Proposition 13.11 still works with 
p = 1 therein. The only point to revise is (|3.2K (with p — 1). But Condition (13.51) entails 
C(g n (U)) — > C(g(U)) for all uniform random variable [/, independent of (Aj)j>i, and 
Lemma IBTTl ensures C(Aig n (U)) £(Aig(U)). The rest of the proof follows the same 
lines as that of Proposition 13.11 since C(Aig(U)) A when Ar + (7 _1 <ti A and a does not 
have atom in zero. □ 

Remark 3.3 If the functions g n ,g are absolutely continuous with g n (0) — > g(0) and g' n — > 
g' in L 1 (Ak + ) when n — > +oo and with 7^ for almost all x > 0, then the conditions 
(13 .5p and A^^ -1 <^ A are satisfied, see Lemma [3T4l 



3.3 Convergence for truncated shot noise series 

Truncated shot noise series I{t) in (11.81) have an atom in zero and specific arguments have 
to be given to derive again the convergence in variation of the laws. We recall that this 
setting applies in particular to Poisson integrals in the Levy-Ito decomposition of Levy- 
type integrals on [0, t] when h n (s, x) = f n (s, ^)l[o,*]xBf (s, x), see (11.71) . We use the following 
elementary result: 

Lemma 3.5 Conditionally to Ai = {Tj <t< T i+1 }, the vector (7\, . . . , Tj) is the uniform 
order statistics, i.e. its law is given by the density (i\/t l )lo< tl <t2<---<ti<t- 

The main result for the truncated shot noise series is: 

Proposition 3.2 Let f n and f be such that the shot noise series I n (t), I(t) are well defined 
for some fixed t > 0. Suppose 

(A[o,t] ® <r)f~ 1 ^ (A M ® a)f~\ (3.6) 

Then C(I n (t)) — > C(I(t)) when n —> +00. 

Remark 3.4 • Like in Remark 13. 11 explicit sufficient conditions for ( 13.61) are given by 
Lemma f373l Moreover, explicit conditions for the existence of I n (t) are given in (11.21) 
and (11.31) with h(s,x) = f(s,x)l[o it ](s). 
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• In Proposition 13.11 the main condition (13.11) asks, roughly speaking, for the conver- 
gence in variation of the law of some finite sub sum of the shot noise series. In the 
truncated case of Proposition 13.21 the series have only a finite (random) number of 
terms and possibly just one term with a positive probability. Consequently the con- 
dition A3. ID does not seems sufficient, and instead we ask in (13.61) for the convergence 
in variation of the law of one term. 

Proof. The truncated series is made of a finite number of summands. We condition 
by the number of terms in the series and we deal with each case. Let fi n = C(I n (t)) and 
fi = C{I{t)) and for A = {T x > t} and A, = {T* < t < T i+1 }, i > 1, let fi n ,i = £(/„(*) | A) 
and ^ = C{I{t)\Ai). We have: 

+oo +oo 

fi n = P(A )5 + HA)fin,i and fi = F{A )5 + ^ P(A i )// i 

i=l i=l 

and for arbitrary p > 1: 

+oo p +oo 

f^n,i ~t~ 

i=l i=l i=p+l 

Since ^C^») = 1 is a convergent series, it is enough to show, for alii > 1, fi n ^ fi{ 
when n — > +00. 

Since conditionally to Ai, I n {t) and I{t) rewrites I n (t) = Ylk=i fn{T k , A k ) and I{t) = 
Y^k=i f{Tk, A fe ), Lemma l3~5l (and commutativity of addition) entails that conditionally to 
Ai, I n (t) and I(t) have the same law as J2\=i fn(U k , A fc ) and J2 k =i fi^k, A fe ) where U k 
(1 < k < i) are i.i.d. uniform random variables on [0,t]. By independence, the law of 
Y^k=i fn(Uk, A fc ) is the convolution of the law of f n (U k , A fc ), 1 < k < i, that is 

C (i2fn(U k , A k )j = ((r x A [M ® a)/" 1 )* 4 

and similarly 

Finally under condition (I3.6p . Lemma [3721 achieves the proof. □ 

In the case of integrands f(s,x) = xg(s) related to Poisson integrals, Proposition 13.21 
rewrites as follows: 

Corollary 3.2 Let g n be such that for some fixed t, the shot noise series I(t) with kernels 
h n (s,x) := xg n (s) are well defined. Suppose that 

. _x var * _i /„ „\ 

\o,t]9n — > A [o,t}9 ■ (3. 'J 

Then the laws C(I n (t)) converge in total variation to C(I(t)). 
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Remark 3.5 Sufficient conditions for (13.71) to hold true are given by Lemma [3T4l 



Proof. Like in the proof of Proposition 13.21 it is enough to show for alH > 1 that 
This comes from Lemma l3~ll and Lemma [3721 when (13.71) holds true. □ 



4 Application of the method to a stochastic differential 
equation 

In this section, we are interested in the law of the solutions of a Levy driven stochastic 
differential equation (SDE) 

X n ,t = x n ,o+ a n (X ntS )ds + Z t (4.1) 
Jo 

where a n are C 1 drifts with bounded derivatives and Z is given in Section CD We apply 
our technique with a slight modification contrasting with the previous sections. Indeed, 
we apply a perturbation which consists in erasing the first jump of the driven Levy process 
Z. However the technique is still elementary and deals only with the first jumps. We show 
that when the parameters of the SDE converge, we have the convergence of variation of 
the law of the solution. This recovers a particular case of Theorem 1.2 in [K3] (see also 
[Kl Th. 4.1]). 

In such an SDE, Nourdin and Simon show in |NS| the regularizing effect of the drift 
term a(X s )ds on the law of the solution, i.e. when a is locally monotonous at the initial 
condition x , £{Xt) «C A -<=>- C{X\) <C A •<=>- v is infinite. Our initial motivation was 
to show that the regularizing effect of the drift actually works on the total variation on 
the law. This is the content of the main result of the section. In a n-dimensional setting, 
when the drift is linear (a(x) = a-x), the solution to (14.11) is a Ornstein-Uhlenbeck process 
whose law has been studied in [SiJ with similar technique as our (see also |PZj ) . 

Proposition 4.1 Assume the Levy measure v is infinite and let X n be the solution of the 
SDE (14.11) with drift function a n and initial condition x Ut Q. Suppose 

1. lim„^ +00 x n .o = Xq. 

2. a n and a are differentiable with bounded derivatives, the convergence a' n a' is 
uniform on bounded sets and for some fixed to, a n (to) — >■ a(to). 

3. a n (y) and a' n (y) are both continuous functions of the couple (n,y). 
4- a is locally monotonous at Xq. 
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Then, for each t > 0, the law of X n> t converges in variation to that of X t . 



Proof. Since this result is proved in a greater generality in |K3| . we only sketch our 
elementary argument for t = 1, following the setting in [NSj. Since i/([0, 1]) = +oo, we 
can define a sequence of jumping times Tj corresponding to small jumps Aj of Z such 
that, with a probability close to 1, T 2 < 1. We disintegrate the probability space as follows 
(Cl 2 x [0,T 2 (u))], T 2 x £>([0, T 2 (Q)]),F 2 ® A[ ,t 2 (c)]) where (fi 2 ,jF 2 ,P 2 ) is the canonical space 
associated to (Ai,Z) with Z t = Z t — Axl^^t [Z is Z with its first jump being erased). 
Consider Y n = X n — Z and Y = X — Z and observe that they are solutions of ordinary 
differential equations. For a subset f2° G T 2 of probability close to 1, X and Y remain 
close to x on [0, T 2 ]. Denoting \i n and \x for the law of X n>1 and of X 1 , we have 



|/in < 2P 2 ((fi°) C )+ / Wfin^-MW 



where 

We stress that on the disintegrated probability space Q 2 x [0, T 2 (u;)], the random variables 
Xi, X n l , Yi, Y n i and Zi are seen as variables of (u>, Ti). However, observe that Zx(u,-) 
actually does not depend on T\ since Z jumps at least twice before 1 and by the Levy-Ito 
decomposition, the terminal value Z\ is independent of the first jumping time T\. By 
simplicity we shall write Z\{uf). Setting Tz x (a) f° r the translation of Z\{u) in R, we rewrite 



\[0,T 2 (u>)]Xl(u), = A^TaHl^l^, •) _1 ^ r z 1 1 (o;) 



and it remains to show for all u G 



2- 



A[0,T 2 (O)]^i,l(^, > \o,T 2 ((d)]Yl(Ld, •) . 

Note that under those notations when Q is fixed, T\ is just a parameter in [0, T 2 (u))] and 
we are investigating for the convergence in variation of image measures by the mappings 
Y n (cD,-) on [0, T 2 (uj)]. This is proved by applying Lemma [3741 since from |NSl Proposition 
2], Y n> i depends differentiably on the parameter T\ with the derivative given by 



= (a n (X T -) - a n (X Tl )) exp (^J a' n (X s )dsj . 



Our hypothesis on a n and on a' n ensure that the first two conditions of Lemma 13.41 are 
satisfied. The third one is ensured by the local monotonicity of a at xq since X T - and Xt x 
are closed to x for uj G f2°. □ 

Acknowledgment. The author thanks anonymous referees for valuable comments which 
have permitted to propose a considerably improved version of this paper. 
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